Oi],eHKa CHHsy CKopocTH 6jiy:a<:flaHHH pemeHHH JiHHGHHoro 
flH4)4)epeHii,Hajii>Horo ypaBHGHHa TpeTbero nopa^Ka nepes 

HacToxy Hyjiefi 



THxoMHpoBa A.B. 

B pa6oTe cpaBHHBaioTCH fl;Be xapaKxepHCTHKH pemeHHH jiHHeHHbix ^H(|)(|)epeHij,Hajib- 
Hbix ypaBHeHHH 3-ro nopa^Ka c nepeMeHHbiMH K034)(|)Hii;HeHTaMH. JJpKasano, hto ^jih 
pemeHH3 na KoneHHOM oxpesKe fl^Jiima npoeKn;HH cJiasoBOH KpHBofi na e^HHHHHyio c4)epy 
ou;eHHBaeTca CHHsy nepes hhcjio nyjieli pemeHHH. B Hpe;];ejit>HOM cjiynae, Korfla fljinna 
OTpesKa cxpeMHTca k 6ecKOHeHHocTH, paccMaxpHBaioTca cooTBeTCTByiomHe cpe^HHe Be- 
jiHHHHbi: CKopocTb 6jiy>KflaHH5i H HacTOTa Hyjiefi, h ^jia hx OTHomeHHH nojiyneHa TOHHaa 
O HHJKHaa oij,eHKa. 

(N 

(D 1. OnncaHHe Hccjie^yeMbix bgjihhhh 
Q 

^ PaccMoxpHM jiHHefiHoe flHcJ)cJ)epeHii;HajiBHoe ypaBHeHHe n-ro nopsflKa 

+ ai {t) + ■ ■ ■ + a„_i (t) y + a^{t)y = 0, te M+, (1) 

c nepeMeHHbiMH K034)4)HH;HeHTaMH ai,...,a„ G C(]R+). 06o3HaHHM nepes I'iy^t) hhcjio 
^ Hyjiefi pemeHHS y na npoMeacyTKe [0,t]. 

^ OnpeaejieHHe 1. HasoBeM HUCHcneu (cootb. eepxHeu) Hacmomou nyAeu pemeHHH y BejiH- 

z/(?/) = lim -v{y,t) COOTB. = lim -ij{y,t)] . 

EcjiH 3TH Hpe;i,ejibi paBHbi, TO HX o6m;ee snaneHHe v[y) nasoBeM mouHou Hacmomou nyAeu 
pemeHHS y. 

\D 

^ Onpe^^ejieHHe 2. HasoBeM humchcu (cootb. eepxHeu) CKopocmhto 6Ay:HcdaHUH BCKTop- 

^ 4)yHKn;HH x : IR+ — t- M" Bejinnnny 

^ = lim -7(x, t) I COOTB. = lim -7(x,t) ) , (2) 



>< r^e 



7(a;,t) 



(i ( x{t) 



(ir, Ixl = + ... + 



EcjiH ;];ji5i (|)yHKu;HH a; npe^ejibi ^ paBHbi, to hx o6m;ee SHaneHHe nasoBCM mouHou 

CKOpOCmbtO 6AyCHcdaHUfl BeKTOp-(|)yHKH,HH X. 

FeoMeTpHHecKaa HHTepHpeTaH;H5i BejiHHHHbi 7(x,t): 7(x,t) — sto j^jmaa. TpaeKTopnn 
e^HHHHHoro BCKTopa |||^ sa BpeMa ot ^o t. 

Hac 6y;i,yT HHTepecoBaTb BejiHHHHbi 7(0;, t) h b cjiynae paBCHCTBa x = (y, y, . 
r^e y — pemenne ypaBHenna ([T]). B stom cjiynae 6jfl,eM oGosnanaTb: 

lniy,t) = -f{x,t), jln{y) = fi{x), finiy) = Kx), (3) 
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B pa6oTe [2] paccMaxpHBajiHCb 6ojiee o6iri;He (|)yHKn;HOHajiB.i pemeHHii, b nacTHOCTH, 

n / n 

C{x) = lim — inf ui'S^ XirriiA) \ Cix) = lim — inf ui'S^ XirriiA) 

1=1 \ i=l 

•nix) = lim - inf 'yiLxA) \ f){x) = lim - inf 7(Lx,t) 

t^oo t LeAut{R") \ t LeAut{R") 

H fljia HHX GbijiH nojiyneHbi oi^chkh: 

Vix) > Cix), fi{x) > C(a;), 

He saBHCsmHe ot n. HsMenaa ^onycTHMbie o6jiacTH SHaHeHnfi aBTOMop(|)H3Ma L n na- 
npaBjienna m, nojiynaeM ^pyrne BapnaHTBi BejiHHHH, ^jia Koxoptix mojkho xoJKe cxaBHTt. 

BOnpOC 06 HX CpaBHHMOCTH. 

B HacTOHmeii pa6oTe nccjie^yexcH cjiynali, Kor^a npocxpaHCXBO xpexMepno, L Bcer^a 
xojK^ecxBeHeH, a m = (1, 0, 0). npHBe;i,eHHt.ie ^oKasaxejibcxBa cymecxBCHHo Hcnojitayiox, 
Hxo npocxpaHCXBO xpexMepno, n nosxoMy peayjibxaxbi oxnocnxca xojibko k xpexMepnoMy 
cjiynaio. 

2. OopMyjiHpoBKa pesyjibTaTOB 

B jxa.YmoVi pa6oxe paccMaxpnBaexcH cjiynafi = 3, Kor;i,a Q hmccx bh^i; 

y"'{t) + a{t)y"{t) + h{t)y'{t) + c{t)y{t) = 0, a, 6, c G (1') 

06o3HaHHM 

X = {xo,xi,X2) = {y,y,y) — xonxa b cJiasoBOM npocxpancxBc, 

fi+ — o6jiacxt. {xoX2 — xf > 0,X2 > 0} na c(|)epe |x| = 1 b (|)a30B0M npocxpancxBc 

dQ^ — rpaHHn;a oGjiacxn f2+ na e^HnnHHofl c(|)epe, 

Ln — fljinna dQ^ (aGcojnoxnaa nocxoHnnaa). B ^oGaBjiennn noxasano, hxo 



a/5 — cos a 

— da. 

7 + cos a 







TeopeMa 1 /J^ah Aw6oeo HenyAeeoeo pemenuH y ypaeneHUH (1') u ak)6ozo t > eepna 
ov^eHKa 

i3{y,t) > — ^ — Ln. 

TeopeMa 2 

a) /(a^i AwBodo HenyAeeozo pemenue y ypaenenusi {!') eepnu ov^chku 

6) fl,AH Am6oso e > cymecmeymm ZAadnue (f)yHKUuu a, h, c u y, cesisauHue paeen- 
cmeoM (V), maKue nmo ^■^{y) < + e) viy). 
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yy - y"^ 



^ - ^fxi^- (4) 



3. ^oKaaaTejibCTBa. 

B cjiynae n = 3 4)a30Bafl KpHBaa npHMeT bha x{t) — {y{t),y'{t),y"{t)). 06o3HaHHM 
, . x(t) 

•= I / M — npoeKi];Hfl (paaoBoii kphboh na eflHHHHHyio ccpepy. Ecjih pemeHHe Heny- 

\x{t)\ 

jieBoe {x{t) ^ 0), TO no Teopeivie e^HHCTBeHHOCTH x(t) ^ > =^ K,(t) 

onpe;];ejieHO b jiio6oh tohkb, T.e. onpeflejienne KoppeKTHO. 

Bne^eM cjie;];yioiri;He o6o3HaHeHH5i: 
fl — o6jiacTt> {x2Xo — a;^ > 0} Ha ccj^epe |a;| = 1 b cjDaaoBOM npocTpancxBe ; 
Q_ — nacTb o6jiacTH Jl, r^e X2 < 0. 
TaKHM o6pa30M, Q, — U Q_. 

B flajiBHeiinieM 6yfleM OToacflecTBjiflTb x{t) c BCKTopoM (y(t),y{t),y{t)). ^onycTHM, hto 
y H y oflHOBpeMeHHO ne oSpamaiOTCfl b 0. HepeHfleM k c4)epHHecK0H cncTeivie KOopflnnaT: 

y — \x{t) \ cos0cos</7, 
y — \x{t) \ cos^sin(/7, 
y — \x{t) \ sinO. 

BbipasHM (fi nepea y, y n y: 
JleMMa 1 

,'/■' ■ // 

► P,JIS Tex TOHCK, Yflfi y ^ BBinOJIHeHO ^ = tgip =^ 

y J cos^ (p \ y 

yy-y^ ■■ -2 

yy - y 
y 

AnajiornHHO, fljia tohck, r^e y ^Q-, BbinojiHeHo - = ctg </? =^ 

^) = = -0(1 + Ctg^ <p) = -^{l + -2 

y' ) sm^ V y 

y^-yy ■■ -2 

. _ ^ yy-y 

1 + §2 1/ + r 

Mbi npeflnojioJKHjiH, hto y{t) ^ hjih ^ 0, yTBepacflenne jieMMbi BCiOfly bbihoji- 

HeHO. 



OTcio/],a > y{t)y{t) - y^(t) > e 
HaiifleM rpaHHn,y oSjiacTH fl b ccJjepnHecKHx KOopflnnaTax. 

< y{t)y{t) - y^{t) = sin6' cos6' cos(^ - |a;(t)|^(cos6'sin(^)^ 
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Bne nojiiocoB cos ^ > 0, noaxoMy noflejiHM HepaseHCTBo na nojiojKHTejibHoe hhcjio ^ cos^ 9. 
Torfla: > 4^ sin ^ cos </? — cos 6 s\v? <^ > 0, h rpaHHii;a Q Sy^eT HMeTb bh^: 

sin^ TT 

9 — 9o{(p) :— arctan ,(p ^ — (modTr). (5) 

SaMCTHM, HTO iipH y = 0, (f = = —1, nosTOMy 6ojibmaH OKpy>KHOCTb(iiepeceHCHHe 
c(J)ept>i H njiocKocTH y = 0) He nepecexaeT oGjiacxb ^2. B c(J)epHHecKHx KoopflHHaTax 
y — <^ cos</7 = 44> </? = |(mod7r). 

OTCiOfla BHflHO, HTO aHajiorHHHO 2-MepHOMy cjiynaio Meac^y flByMfl nyjiflMH 4)yHKii,HH 
y BejiHHHHa (/? ppjiyKHa yMeHbinHTbCH na tt (paccTOHHHe MejK^^y 2-mh coce^^HHMH HyjiHMH 
KOCHHyca). HpHHeM BHyxpn o6jiacTH Q BejiHHHHa yBejiHHHBaeTCH, a bhc — yMenbina- 
eTca. 06o3HaHHM aa P{(p, 9) TOHxy na c(|)epe co ccJ^epn^iecKHMH KoopflHHaxaMH (p r 9 

BBe^eM eiii,e o^ho oSoaHaneHHe: o6jiacTb na c4)epe b (JjaaoBOM npocxpancTBe 

{yy ~ > 0, y < 0} TaKHM oSpaaoM, Q = U Q_ 

JleMMa 2 OSjiacmb Q cocmoum U3 deyx eunyKJiux o6jiacmeu u v,eHmpaji'bHO 
cuMMempuHHUx omHocumeji'bHO u aepnaAbHO cuMMempuHHUx omHocumeji'bHO n/ioc- 
Kocmu Tin- y + y — 0; npuHCM nojimcu eeedenHou c^epunecKou cucmeMU Koopdunam 
AecHcam na ee 3paHuv,e. 

► 

Ha c4)epe onpe^^ejienne BbinyKjiocTH SKBHBajieHXHO cjie;];yioiri;eMy: MHOJKecxBO M na 
c4)epe BbinyKjio, ecjiH MHoacecxBo {ax : x E A, a > 0} — Bbinyxjio b (x.e. MHoacecxBo, 
cocxoamee h3 jiynett, npoBefleHHbix h3 ii;eHxpa c4)epM bo Bce xohkh MHoafecxBa A). ^Jia 
oSjiacxH Q, 3X0 Bce (y, y,y) : yy — y^ > HpoBepHM, hxo sxo BHyxpenHOCXb sjijinnxHHe- 
CKoro KOHyca, fljia sxoro CflejiaeM jiHHefiHyio saMeny Koopflnnax: 




Tor^a xa jkc oSjiacxb Sy^ex HMexb bh^ b hobmx Koopflnnaxax: > <^ — 

v'^ + 2y^, Hxo flBjiaexcfl BHyxpenHOCXbio sjijinnxHHecKoro Konyca. 3jijiHnxHHecKHH Konyc 

cocxoHX H3 flfijx BbinyKjibix Hacxefi, ii;eHxpajibHO CHMMexpHHHbix oxHOCHxejibHO h sep- 
KajibHO CHMMeTpHHHbix OTHOCHTejibHO iijiocKOCTH u = 0, HjiH, ^ejiaH o6paTHyio saMGHy, 
njiocKocxH y + y = 0. Sflecb BaacHo, hxo saMena opxoroHajibHaa, nosxoMy sepKajibHaa 
CHMMexpHfl npH Heft coxpanaexcfl. TaKoii ace CHMMexpneii oSjia^aex h nepeceneHne ko- 
Hyca CO c4)epoH, hxo h xpeSoBajiocb ^OKaaaxb. OSoanaHHM 3a xy nacxb, r^e u > 
H — rjie u < 0. /Jjia nojiiocoB, x.e. xoneK c Koop^^HHaxaMH (0, 0, ±1) BbinojiHaexca 
paBeHcxBo Oc — 0^ = =^ xaxne xohkh naxoflaxca na rpaHHii;e oGjiacxH fl. 



JleMMa 3 Uycmt) nama npuean n{t) = P{ip(t),9{t)),t e [to,ti\ ne npoxodum nepes no- 

jiwcu cAepu u I ~ '^l^^N ~ ^ (^od 27r) de/iaem odun o6opom eoKpys 

nojitoca no nacoeou cmpe/iKe. 

Toeda U3 nee mochcho eu6pocum'b neKomopue nacmu maK, Hmo6u ocma/iacb nenpe- 
puenan Kpuean k : [0; 1] S"^ \ Jl, kohv,u Komopou coenadamm c KOHV,aMU k, m.e. 
k{0) = K{to),k{l) = K{ti). 
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I. CnaHajia noKaJKCM, hto Va G [f(ti); f(to)] 3ta G (to; ^i) : fit) = a vl (pit) < 0: 
HycTb ta '■= sup {t : </9(t) > a}. Tor;];a ip{ta + h) < a npn /i > 0, snaHHT h3 nenpepbiBHOCTH 
(p{t) cpasy cjieflyeT, hto 



ipita) > a, 

ip{t) = lim (p{ta + h) < a 

/i-5>+0 



lim 



1. 1™ 

Al h-s>+0 h 

HoCKOJIbKy lf{ta) < 0, TO K{ta) ^ TaKJKC MOJKHO SaMeXHTb, HTO 3!ti/2 : f{tl/2) = 

f(to) — vr = — I (mod 27r) =^ 0(^1/2) < 0, snanHT nepes "npHMyio'V = v^(ti/2) mojkho 
nepeliTH tojibko b o^ny CTopony, a snaHHT tojibko o^hh pas (na 3to npHMaa — |). 

HosTOMy ;];ocTaTOHHO BL.i;];ejiHTb nacxb KpHBofi k, coeflHHSiomylo K(to) h i^{ti/2), He 
nepeceKaiom;yioc3 c fi, a hotom nacxb, coe^^HHaiomyio fi:(ti/2) h /^(ti). Hpn stom hohck 
BTopoH HacTH aHajiorHHeH nepBofi, ^^ocxaxoHHO noMenaTb snaK t h noMeHHTb —to h —ti 
MecxaMH. HosTOMy ocxajiocB ^^OKasaxb, hto hs nacxH {^(t) : t G [to;^i/2]} \ ^ mojkho 
Bbi^ejiHTb KpHByio, coe;];HH5iioin;yio fi;(to) h /t(ti/2)- 

II. ByflCM Tenepb paccMaxpHBaTb Bce na oxpesKe [to;ti/2]- 3^ecb ip{t) G [^p{to) — 
TT, ^2(^0)]; nosTOMy oGjiacTb f2 HMeex bh^ | > ^ > ^o(v') (rpaHHn;a o6jiacTH Q). 

06o3HaHHM M := {^(t) : t G [to; ti/2]} \ ^, Ma := {9{t) : V3(t) = a, n{t) ^ - Bbmyc- 
KaeM H3 nojiioca c4)ept.i jiynn nofl yrjioM a h nepecexaeM ero c MHOJKecxBOM M. (A na 
pHcyHKe Ma — nepeceieHHe BepTHKajibHofi jihhhh c rpa(|)HKOM k Bne o6jiacTH Q) 

ta G Ma (no onpeflejieHHK) ta) =^ Ma HenycTO. H3 Toro, hto K{t) nepeceKaex nojiy- 
OKpyjKHocTH = (p{to) R (f = (p{tQ) — Tc HO o^^HOMy pasy cjieflyeT, hto 



f{ta) 



(fiita + h) 



< 0. 



(6) 



III. PaccMOTpHM 4)yHKLi;Hio 0(a) := mmM^ na oxpesKe [ip{ti/2),ip{to)]- (Ha pncyHKe 
3TO Bhip^ejieno JKHpnofl jiHHHefi). Torp^a P{o-, ©(a)) G M. Hs ^ nojiynaeM, hto G(v9(to)) = 
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9{to),e{ip{ti/2)) = 9{ti/2), no3TOMy 

P(vp(to),e(vp(to))) = P{^{to),9ito)) = K{to), 

OcTajiocb noKasaTb, hto ©(a) nenpepbiBHa na CBoen oSjiacTH onpeflejieHHfl. ^ony- 
CTHM, qq — TOHKa paspbiBa. Tor^a ecTb flee bo3mojkhocth: 

• ©(oo) > Uo '■= lim 0(a) = lim G(a„) p^jia neKOTopoH nocjieflOBaTejibHOCTH a„ a. 

HocKOJibKy M = [k]\Q — saMKHyxoe MHO>KecTBO, a P{an, 0(a„)) G M, to P{ao, Uq) — 
lim P{an,yn) G M, noaxoMy t/q G ^ Q{ao) <yo — iiporaBopeHHe. 

n->oo 

• ©(oo) < yo lim ©(a) = lim ©(a^) fljia neKOTopoii nocjieflOBaTejitHOCTH a„ — >■ a. 

a— )-ao n— >oo 

AnajiornHHO npefli.iflyni,eMy cjiynaio, P(ao, yo) = lim -P(an, yn) £ nosTOMy yo < 

n— >oo 

^0(00) =^ ©(oo) < ^o(ao)- 

©(oo) = 9{t),ao — ip{t) fljifl HeKOToporo t. Hpn stom ^(t) < 9o{(p{t)) =^ ^ 
> 0. Tor^a no xeopeivie 06 oSpaTHoii 4)yHKii,HH 

3t{a), S > : t{ao) = t,\/a : \a — ao\ < S ^ ip{t{a)) = a. 

H3 HenpepbffiHOCTH 9{t{a)), 

30 < 5i < S -.ya : \a - ao\ < Si =^ \ 9{t{a)) - 9{t{ao)) \ < 

eMo e(ao) 



©Tciofla npn \a - ao\ < 5i minM„ < 9(t(a)) < ©(ao) + ^° snaHHT lim < 

a— >ao 

©(ao) + < Uo ^ npoTHBopeHHe. 



SnaHHT ©(a) nenpepbiBHa, a cjie^^oBaxejibHO, xpHBaa P{a, ©(a)) h ecxb ncKOMaa. 

napaMeTpH3aii,Hio Bcer^a mojkho Bt>i6paTt> xax, htoGbi HOBaa KpHBaa 6t.ijia onpe^ejie- 
na Ha OTpeaxe [0; 1] . 3to Bcer^a MoacHO c^ejiaTb MacniTaSnpoBaHHeM. /^jinna kphboh ot 
napaMeTpH3ai];HH ne saBHCHT, a nac b KoneHHOM HTore HHTepecyeT ee fljiHna. 



HycTb ecTb TOHKa M na ccj^epe h xpHBaa 7 : [0; 1] — > S, npHHCM tohkh M h npoTH- 
BonojiojKHaa eii He jie>KaT Ha 7. OnpeflejiHM HH^eKc tohkh M na ccj^epe oTHocHTejibHo 
KpHBOH 7. BBeflCM c4)epHHecKyio CHCTeMy KoopflnnaT c hojiiocom b tohkc M. 

JleMMa 4 Cyui,ecmeyem Kpamnaumafi saMKHymafi Kpuean I : [0;1] ^ S \fl, Oaa Komo- 

pou 6 ccpepuHecKux KoopduHamax 

93(0) = 0,(/9(l) = 27rn (Kpuean deAaem n o6opomoe eonpye noAwca), 
9{0) = 9{1) (npueaH saMKuyma). 

► PaccMOTpHM MHOJKecTBO K :— {{if, 9) : P{ip, 9) E S\Q}. Ha stom MHoacecTBe 

/ cos'^9 

BBe/j,eM pHMaHOBy MeTpHKy, cooTBeTCTByK)ni,yK) MeTpHKe Ha ccpepe: s^ij^^?, t^j = 1 q ]^ 
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PaccMoxpHM K, KaK MexpHHecKoe npocxpancxBO c 4)yHKn;Heii paccxoaHHa ps, nopoac^en- 

HOH MexpHKOii Qij] 

1 

ps(x,y):= inf [ J ip'^ (s) cos"^ 9 + 9'^ (s) . 



Bee xoHKH x,y : ps{x,y) = Gy^eM enHxaxb eoBnaflaiomHMH. 3xo xe xohkh, Koxopbie 
eooxBexexByiox nojiioeaM e(|)ept.i, x.e. r;];e |^| = | h <y9 oxjinnaexeH ne Gojiee, neu na tt. 
Tor;i,a — saMKHyxoe jioKajibHo KOMnaxxHoe MexpHHeexoe npoexpanexBo. OTCK>fl,a no 
ejie^exBHK) h3 xeopeMti Xon(|)a-PHHOBa jU xeop.10.9] eymeexByex Kpaxnanmaa, eoe^nna- 
lomaH jiio6t.ie 2 xohkh hs To eexb inf b onpe^ejiennn ps na eaMOM ^ejie ^oexnraexea. 

OxoGpajKenne {(p,9) — )■ P{(p,9), nepeBo^Hniee K b S \ Q, no noexpoennio HBjiHexeH 
jiOKajitno HSOMexpnnntiM, nosxoMy ^jinnbi KpnBbix eoxpanaioxea. A snannx ^jinna Kpn- 
BOH 7, aa^annoH b ecJjepnneeKHX Koopflnnaxax 7(5) = P{(p{s),9{s), 6y;i,ex paBna ^jinne 
KpHBOH {ip[s),9{s)) B MnojKeexBe K. HosxoMy nonex Kpaxnanmen saMKnyxon KpnBoil 
CBOflHxes K noneKy KpHBoii nanMenbrnen ^jinnbi b K, c xenn ace yejiOBH3MH, xo eexb 

^{0) = 0,^(1) = 2nn,9{0) = 9{l). (7) 

/I,jiHna jiioGoH KpnBoii, yflOBjiexBop5iioni,eH sxhm yejioBH3M, ne Menee ps'((0, ^(0)), (27rn, 9{1))) 
ps((0,a),(27rn,a)),e(0) = e(l) = a. 

HycxL. L{a) := ps{{0,a), (27m, a)), \a\ < |. Torjia no nepaBenexBy xpeyrojibnnKa 

Hb) < p5((0, 6), (0, a)) + ps((0, a), (27m, a)) + ps((2v™, a), (27m, 6)) < 2|6 - a| + L(a). 

V ' V ' " V ' 

<\b-a\ L{a) <\b-a\ 

Oxcio^a \L{b) — L{a)\ < 2\b — a\, oxxy^a cjie^yex, nxo (|)ynKn;H5i L nenpeptmna. Snannx 
ona ^ocxnraex CBoero MnnnMyna na oxpesKe [— f ; f] b nexoxopon xonxe ao- Hycxb Iq 
— Kpaxnanmaa, coe^^nnaioniaH (0,ao) n (27m, ao). Tor;i,a ona y;];oBjiexBopHex yejiOBH3M 
([7]) H no noexpoennio ee jJ^JiwHa, paBnaa L(ao) < L{a), ne npeBoexo^nx jiioGon jjTpjrow 
KpnBoii, y^oBjiexBopaiomen ([T]). OxoGpaJKenne (v?,^) — ?■ P{ip,9) KpnBon Iq na ecjiepy n 
GyflfiT neKOMOH xpnBon I. 



HocKOJiBKy KpHBaa saMKnyxa, xo ycjiOBna na KpnByio 3KBHBajienxnt>i cjie^yiomnM: 
\(p{to) - (p{ti) \ = 27m, 
9{to)=9{h). 

fljia neKoxopbix ti > to- SaMenon napaMexpH3an;nn n nanajibnon xonxn KpnBoii, 3xox 
ejiynan eBo^nxea k paeeMoxpennoMy b jieMMe |4j 

JleMMa 5 Uycmh npueasi k{t) = P{(p{t),9{t)),t G [toj^i] nepeceKaem Q u (p{ti) = 
ip{to) — 2ttN , He npoxodum uepes noAwcu {9{t) 7^ ±|) u naotcdoe SHaneHue (p npuHUMaem 
poeno 1 pas. 

Todda ee dnuna ne Menee, ueu NLq — \9{ti) — 6'(to)|- 
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CBe^eM sa^any k saMKHyxoH kphboh na nojiyccjiepe, o6xo^5iiri;eH pas BbinyKjiyio 
KpHByio dQ. Jins sToro cHanajia ^o6aBHM k kphboh ^yry Gojibinoii oKpyjKHocTH, coe^H- 
HaiomeH ft:(to) h ii{ti); t.k. <f{ti) = f{to) — 2ttN = (f{tQ) (mod 2tt), to ^Jinna stoh ^yrn 
paBHa \6{ti) — 6{to)\. OGosnanHM nojiyneHHyio saMKnyTyio xpHByio /. HycTb / — KpaxHafi- 
inaH saMKHyxaa KpHBaa c ycjioBHJiMH \ f{to) — (p{ti)\ = 2nn, 6{to) = 6{ti), cymecTByiomaa 
no jieMMe 3. Tor^a fl,JinHSi I He Menbrne, neM ;i,jiHHa I. 

OxpasHM xenept. nacxb c(|)ept.i y + y < oxhochxcjibho hjiockocxh y + y = 0. HpH 
3XOM Q_ Hepefl^ex b ho jieMMe[2j TaxaH cHMMexpna — HenpepbiBHoe HpeoGpasoBanne, 
HosxoMy Hama saMKHyxaa KpHBaa / nepefl^^ex b saMKHyxyio KpHByio, Koxopyio o6o3HaHHM 
3a g{t). Ee ^Jinna 6yflex paBHa ^jihhc /, HOCKOjibxy ee nacxt, oxjinnnaa ox /, nojiynena 
H3 / opxoroHajiBHbiM npeo6pa30BaHHeM(oxpa>KeHHeM), Koxopoe coxpanaex MexpHKy. Ta- 
KHM o6pa30M, g — xojKe KpaxHaflmaa 3aMKHyxa3 KpHBaa, xaK h /, ho yxce jiejKainaa na 
nojiyc(|)epe. 

HoKaJKeM, HTO KpHBaa g n;ejiHKOM jiejKHX na 917+. IlocKOjibKy g — KpaxHaflmaH Kpn- 
Baa, xo oHa ^ojiJKna Gbixb jioKajibHo KpaxHaHineii, no3xoMy ecjiH g{t) ^ dQ,t G {a;b), 
TO ynacxoK g{[a]b]) ^^ojiacen Gbixb reo;i,e3HHecKOH, coe^^HHaiomefi xohkh Z(a) h l{b), xo 
ecxb flyroH Gojibuioh oKpyacHocxn. Oxcio;];a cjie;i,yex, hto g{[0]l]) cocxohx h3 nacxefi dQ, 
coe;];HHeHHbix flpyr c ;];pyroM pyraMR Gojibiuhx oKpyjKHocxefi. Ho oGjiacxb Bbinyxjia, 
nosxoMy KpaxHaflmaa reo;];e3HHecKaH (MeHbinaa pyra Gojibuioh oKpyiKHocxn), coejiRHs- 
lomaH xoHKH dfl^, jiejKHx BHyxpH EcjiH reofle3HHecKaa ne KpaxHaflmaa, xor^a sxo 
Gojibinaa ^yra 6ojiBmoH OKpyacnocxn, Koxopaa bbixo^hx 3a npe^ejibi nojiyc(|)ept.i. Ecjih 
cymecxByex necKOjiBKO reo^e3HHecKHX, xo sxo npoxHBonojiojKHbie xohkh na C(|)epe, ho na 
dQ+ Hex HpoxHBOHOjioJKHBix xoHCK. HosxoMy He cyn];ecxByex reofle3HHecKHX na HOJiyc4)e- 
pe, coeflHHsiomHx pa3JiHHHL.ie xoHKH (9fi+. Oxcio^a cjie^yex, hxo g hojihocxbk) jicjkhx na 

dn+. 

HocKOJiBKy B c(|)epHHecKHX Koop;];HHaxax jiJis kphboh g \(p{0) — = 27rn, xo xaJK- 
flbiH MepnjinaH ip = a (mod 27r) KpHBaa g nepeceKaex ne Menee N pas, h Hepe3 Ka>K;];yio 
xoHKy dQ HpoxoflHx He Menee pa3, nosxoMy ee ^jinna ne Menee NLq. nocKOJiBKy sxa 
KpHBaa KpaxHanmaH, xo ee jxJinHa paBna poBno NLq, nnane KpnBaa, pa3 npoxo^^aniaa 
no rpanHn,e f2+ 6t.ijia 6t.i Kopone ee. Oxcio;];a 

l(k) > L{i) - \e{t,) - e{to)\ > L{g) - \e{t^) - e{to)\ = nl^ - \e{h) - e{to)\. 



JJoKasameAhcmeo TeopeMU 1. 



x.e. 



► Cnanajia 6jflfiM cnnxaxb, nxo y y nex Kpaxnbix nyjien. Hycxb 2 

y cJ)ynKn,HH y ne Menee, neM 2(A^ + 1) nyjien. 3xo 03nanaex, nxo nama KpnBaa K{t) 
nepeceKaex + 1 pa3 pyry cp = 27: k, a 3xo 3nanHX, k Kaac^oMy ynacxKy KpnBon K{t) 
MeyKfly 2-ms xaKHMH nepecenennaMH mojkho npHMennxb jieMMy |3| n nojiynnM KpHByro R, 
na Koxopoii ip H3MenHexcH na xy >Ke Bejinnnny, ;i,jiHna Koxopon ne Gojibme, neM jxJinHa k, 
no yjKe ne nepeceKaromyrocH c a 3nanHX y;];oBjiexBopHioni,yro JieMMe[5] HpHMenaa ee 
H ynnxBiBaH, nxo b c(|)epHnecKOH cncxeMe 6* G [— |; |], nojiynaeM: 



73(1/, t) = L{k, [0,t]) > L{k) > NLn - m - m\ > 



- 1 Un - TT. 
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yHHTMBaa, HTO OTpeSOK ^JIHHt.1 | COe^HHiieT ^Be TOHKH dQ+ ((1,0,0) H (0,0,1)), TO 

fljiHHa KpHBOH He MGHee, HeM TT. no3TOMy 



73(2/, ^) > 



1 Un - TT > 



- 2 I L„ > 



Tenepb CBe^eM cjiynafi c KpaTHbiMH nyjiaMH k yace paccMOTpeHHOMy. JXjis sxoro sa- 
MexHM, HTo Ha KOHCHHOM oxpesKe ^ocTHraexcH MHHHMyM HenpepbiBHOH (|)yHKn;HH |a;(t)|, 
npHHeM OH He paBen (nnane pemenne 6b.ijio 6l.i = 0). HycTb C :- 



mill \x(t)\. 

te[0;to] 



to 



to 



7(^,^0) 



\k{t)\dt 



^/{x,x){x,x) + {x,x) 



dt. 



\x\ 



TLoji HHxerpajioM (|)yHKn;H3, HenpepbiBHaa oTHocHxejibHo x n x npn |a;| > C > 0, a snanHT 
paBHOMepHo HenpepbiBHa na KOMnaKxe {x : \x\ + \x\ < M, |x| > C > 0}. x, x orpaHHHeHbi 
Ha KOHeHHOM oxpesKe, HosxoMy 7(x, to) HenpepbiBHa ho x oxHocHxejibHo HopMbi ||a:;||ci; 
a sHaHHx 73(^,^0) HenpepbiBHa ho y oxHocHxejibHo HopMbi ||i/||c3- HoaxoMy ecjiH bshxb 
HocjieflOBaxejiBHOcxb ?/„ — )• ?/ b nopMe C^[0; to] xaxyio, hxo //(?/„, t) > u^y, t), xo 73(1/, to) = 

'^(y,t) 
2 



lim 73(|/„,to) > 

n— >oo 

nycxB {u)z, 

Hpe^ejiBHaa xoHKa, h b neii y 



Ij Lq—tt. JX&jiee 6yfleM cxpoHXb xaxyio Hocjie;];oBaxejit>Hocxb. 

xoHKH, B Koxopbix y = y = 0. Hx KOHeHHoe HHCJio, HHane 6bijia 6hi 
0, HO xor^a y = 0. Hojiojkhm yn = y + -^y, r^e 



Ay{ti) = — signi/(tj), 
Ay{U) = Ay{ti) = Ay\U) = 0; 
Ay{t) = -signi/(ti),t < ti, 
Ay(t) = - sign y(tm),t > tm- 

Ha oxpesKax [tf, tj+i] 4)yHKn,Ha Ay onpe^^ejiaexcH MHoroHjienoM cxeneHH 7 ho ^ByM xoh- 

KaM H XpeM HpOH3BO;];Ht.IM B HHX, HCXOfl^S H3 HepBblX ^^ByX yCJIOBHH. Tor^a HO HOCXpoeHHK) 

Ay G H HpH flocxaxoHHO 6ojiBmoM n (|)yHKH,Ha y + \Ay HMeex nyjieii ne Mentme, neM 
HO Hex KpaxHbix, Hxo H xpe6oBajioct>. 



OcHOBHaa jieMMa 1 > cym,ecm6yK)m dAadnue (fjyHKv^uu a{t) , b{t) , c{t) manue, nmo 
cyiu^ecmeyem peiuenue y{t) ypaeneHUfi {*), Bar Komoposo eunoAHeno: 

► PaccMoxpHM xaKyio (|)yHKH;Hio, ^jih Koxopofl HpoeKH;H5i 4)a30BOH KpHBOH Ha c4)epy 
HBjiaexcH saMKHyxoH kphboh, Gjihskoh k dfl+. Ajih 3xoro cnanajia saj^ajiiiM cany 3xy 
HpoeKH;Hio B c(|)epHHecKOH cHcxeMe: 6 = F((p) xax, hxoGbi rpa(|)HK F Gbiji Bne ho ero 
fl^jiviHa Gbijia Lq + 6, sxo mojkho cflejiaxb, ecjiH Bsaxb rjia;];KyK:[^F, HpnGjiHJKaioniyio cnnay 



^MO>KHO B3HTb H KycoHHO-rjia;i,Kyio F, HO Tor;i,a K034)4)HLi,HeHTbi ypaBHeHHH 6y;i,yT paspbiBHbiMH no t 



9 



4)yHKn;Hio ^o(v^); sa^aiomyio (9fi+. /Jjih pasHocxb ^jihh kphbl.ix 9 = f{(p) a 6 = g{(p) na 
cc|)epe 5yfleT xaKaa cJaopMyjia: 

jds- jds = j (^^f'^ + cOS^f-^g'^ + cOS^g^ dcf < J (\f - g'\ + \f - g\) dcf, (8) 



7/ 
T.K. 



79 



ds' = de' + d^' cos' ^ 

a BTopoe HepaBeHCTBo BbinojiHeHo, nocKOJiBKy: 

W + - - c?^' 



\Va^ + b^ - Vc^ + d^\ 



- c^l + 16^ - d^\ 



< 



lal + IcI 



< llal — Icll + 



< |a — c| + |6 — (i|. 



HycTb F — rjia^Kaa (|)yHKn;Ha, KOTopas npnGjiHJKaeT (|)yHKii;Hio Oq — j- c tohhoctbio ^ 



no HopMe Wi, r^e 6q{(p) 



^o(<^), V^e (-7r/2,7r/2); 



167r 



2 ' 



HHane. 



Tow Bea^e F{ip) < Ooi^) - £ + ^ < f - g.- 



. Hs (^Sp nojiynaeM, hto 



2lT 



2ix 



2tv 



j F{^)d^-Ln = j F{^)d^- j d^{^) 



dip 



6 6 

< 2tt— + <d. 

An IGtt 



JXajiee nocKOJiBxy {ip, F{p)) ^ fl, to no onpe;i;ejienHio Q 3to osnanaex, hto yy — < 0, 



HjiH, nxo TO TKe caMoe, ip = p_^^2 < 0. BtipasHM (p nepes (p n 6: 



yy — ij^ sm.6 cosipcosO — {smpcosOY 
y'^^ip (cosy^cos^)' + (sin(y9cos^)' 



tg Q cos p — sin' p). 



(9) 



cos^ d 



YnHTBiBaa, nxo Q = F{p), n nepcBopannBaa o6e nacxn paBcncxBa, nojiynaen: 
dt 1 1 

< 0. 



dp tg 6' cos — sin p tg F{p) cos p — sin p 



IlycTB p{0) = IX. Tor^a t{ip^ 



dp 



4,. Tax KaK 4)ynKn,H3 F nepn- 



tg F{ip^ cos p — sin' p 

o^HHccKaH no c nepno^oM 27r (t.k. ee rpa(|)HK na ccj^epe — saMKnyTas KpnBas), to 
t{2nk + vr) = ktlSn) — )■ 00, k — )■ —00. Oxcio^a n h3 cxporon Monoxonnocxn cjie^yex, nxo 
o6paxna5i 4)ynKn,H3 v^o(^) onpe^ejiena Bciofly na [0; +00) n po(t) — )• —oo,t — >■ +oc. Haii- 
;];eM ypaBnenne na cJ)ynKn,Hio |/, cooxBexcxByion^yio xaKon KpnBon na ccj^epe. fl^Jis 3xoro 
nocnnxacM 6 nepes nponsBOflnbie y. = arctan 



y Vz/' + 2/' - 



snannx 



y(yy+yy) 



y/y'^+y'^ 



1 + 



y'^+y^ 



yZj^y2j^ y 
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OTCio^a BbipaacaeM y , yHHTbiBaa, hto , ^ = cosy), , ^ = siny), , ^ = tg^: 

yy'^+y'^ yy'^+iP yv'^+y'^ 

V/ Hy^ + y^ + y^) , y{yy + yy) , . . , , • ^ , + 

1/ = . „ \ o , -2 = fc* cos + y sm V9 + y tg e*) + y (sm v9(cos + tg e*)) . 

ripHBo^a no^oGnbie, nojiynaeM ypaBHeHHe y: 

y = 6 cos if y + 6 suiip y + {6 tgO + sm. ip{cos + tg 6)) y. (10) 

yiHTbiBaa, HTo V9 = ipo{t),9 = F{ipo{t)) =: 0o(t), nojiynacM, hto 3to jiHHeitHoe ypaBHe- 
HHe c K03(|)4)Hn;HeHTaMH, rjia;];KOCTb KOTopbix saBHcnx ox rjia^^Kocxn F: 

y =A{t)y + B{t)y + C{t)y, 
A{t) = eo{t) cos cpo{t), 

Bit) = eo{t) sin ifoit), ^ ' 

C{t) = (do{t)tgeo{t) + smipo{t){cosipo{t)+tgeo{t)). 

\F{x)\ < |, HosxoMy tg9o(t) = tgF{{pQ{t)) onpe^^ejien h HenpepbiBeH Bcmpy. IIpo- 
BepHM, Hxo ecxb pemcHHe sxoro ypaBHenna, Koxoporo cjie^ na c(|)epe 6yjieT hmcxb 
c(|)epHHecKHe Koop^HHaxti {(po, 6q). Bosbmcm yo — pemeHHe ypaBHCHHa (11 ) c HaHajibHti- 
MH ^aHHbiMH: y{0) = —l,y{0) = 0,y{0) = tgF(7r), xor^a ip{0) = n = (po{0) (mod 2n) — 
corjiacyexcs ycjioBHCM na cJ)yHKn;Hio ifo{t). Hcxofla h3 paBCHcxB (g H (|10|) H HanajiBHtix 
ycjioBHH, fljiH yrjioB cc|)epHHecKoii chcxcmbi Koop^nnax 6y^yx BBinojiHHXBca ypaBHCHHa: 

= tg^^cosy^ — sin^ V9, (p{0) = n; 

_ yo-yosin(^(cos(^ + tgg) ^ ^ ^ 

yo cos V2 + 2/0 sin + tg 6^ ' 

Te ace ypaBHCHHa 6y;];yx BbinojiHHXbCH ^Jia (|)yHKi];HH (y^o h Gq no nocxpoennio ypaBne- 
HHS (11). SaMCXHM, nxo na pemennn snaMenaxejib npaBoii nacxn Bxoporo ypaBnenna 
Gy^ex HMCXB bh^: 

yo cos Lp + yosmLp + yotg9 = 2rv^ — ' 

yo + yo 

H nnr^e ne oGpamaexca b 0. HosxoMy b OKpecxnocxn pemenna npaBbie nacxn ypaBne- 
nHH (11) nenpept.iBnt.1, nosxoMy ono e^^nncxBcnno. Hs e;i,HncxBennocxH pemenna sajxaHU 
Komn, nojiynHM, nxo (p{t) = ipo{t),6{t) = Qo{t). 

HocnnxaeM ^^^y- Hycxb T := — t(37r). Tax xax T — nepno^ npoeKn,HH (JjasoBon kphboh 
na c(|)epe, xo 73(2/, riT) = n-i^{y,T) < n{Ln + IIosxoMy 

73(1/, t) 73(2/, [^JT) + 0(1) ^ ^. [^J (L^ + ^) + ^ 

^^^^^ = }^^= 1"^ [^JT + 0(1) - [IJ T = — ' 

.(.) ^ Urn ^ ^ nm ; + ^(^^ ^ Urn L^j + ^^^^ ^ g^. 

3;i,ecb Mbi ynjiH, nxo na Kaac^^oM nepHo;i,e jxjiuhor T ecxb poBno 2 Kopna: npn = 
I (mod 27r) n (^9 = — | (mod 2tt). IlosxoMy v{y^nT) = 2n. 

fJ'siy) ^ Ln + 6 
iy{y) 2n 

BbiGepcM 5 < 2TTe, n yxBcpxc^^enne ocnoBnofi jicmmbi 6yjieT Bbinojineno. 
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/J^OKasameji'bcmeo meopeMU 2. 

► ^OKaaceM, hto 3to HHJKHaa oii;eHKa. CnaHajia nepBoro oTHomeHHa: 

Sy^eM CHHTaTb, hto u 0. Tor^a 3{tn} ■ I'ix) — lim — Ho cBoiicTBy Bepxnero 

n->oo tji 

npe^ejia, h noflCTaBjiafl oii,eHKy h3 ochobhoh jieMMbi 1, nojiynaeivi Tpe6yeMoe: 



t->oo i n->-oo tji 



n-^oo tr 



= Ln lim — + -— = Lf^ Inn — = l^^i^)- 

JXii^ BToporo cooTHomeHHs Bce anajiornHHO, tojibko HyjKHO bsstb 
tn '■ fi{x) = lim Ho xeopeMe 1 i/(a;, t) < — ^— ^ h 5, OTKy^a mojkho BbiBecTH 



Tpe6yeMoe: 



v[x) = nm — i/(a;, ij < nm — i'[x,tn) < tt lim = 

2n 7(x,y + 0(l) 27r, 
= — lim ^ — — — fi. 

Lq n->oo tn Lq, 

H3 OCHOBHOH JieMMbI 1 CJieflyST, HTO MOaceT 6l.ITI> CKOJIB yrOflHO 6jIH3KO K ^ , HOSTOMy 

OH;eHKy Hejitaa yjiyHHiHTb. 



^o6aBjieHHe: BtmHCJieHHe nocTOHHHofi L 

Bbijio noKasaHO, hto dVlj^ b ccJjepHHecKHx KoopflHHaTax aaflaexca (jDopMyjiott 



6/ = 6'o(<^) = arctan , 99 G --, - 

cos</? V 2 2 



HosTOMy, HOJiyHaeM: 



ds' = cos' ed(p'+de^ = {cos'eo{(p)+e'o\(p))d(p' = 



V 



+ 



COS <p 



sin'* If 



1 + — 

COS^ ifi 



I 



COS^ </? 



(2 sin </? cos^ </? + sin^ (^)^ 
cos^ </? + sin^ </? (cos^ (/? + sin^ c/?)^ 



+ 



2 ,„^2 



cos^ </7(cos^ </? + sin^ (/?) + sin^ (/7(2 cos^ </? + sin^ ^ 2 
(cos^ </? + sin^ f/?)^ 

HpeoSpasyeM no OTflejitnocTH HHCJiHTejit n snaMenaTejit nojiynennoro Bbipaacenna: 



cos^ Lp{cos' (^+sin"^ (^)+sin^ (^(2 cos^ (^+sin^ V')^ = cos"^ (^+cos^ sin* (^+sin^ (^(1+cos^ (^)^ 
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= sin^ + 2 sin^ </? cos^ </? + sin^ (/? cos^ </? + cos^ </? + cos^ </? sin^ </? = sin^ + 

1,1 ■ 1 , ■ 1 1 \\ sin^2a9 1 — cos4<^ 5 — cos4(/? 
+ cos (^(cos If + sm (^(sm + cos ip)) — 1 -\ — — 1 -\ = ; 

^ "rr 

2 -4 2 -2/-, 2x^-2 2 4 - Sill^ 7 + COS 4(/? 

COS (^ + sin = cos (p + sm (^(1 — cos (^J = 1 — sm (pcos (p = = . 



HiaK, nojiynaeivi: 



2 5-cos4(^ 2 i« 5-cos4(^ 2 
as = ^ a(/3 = 167- — ^ a(/3 . 

1 (- 7+cos4y ^2 V- (7 + COS 4(^)2 ^ 



Oxciofla HaxoflHM fljinny KpHBoii: 



2n 



, ^ a/5 — cos4(/9 , , ^ . /■ a/5 — cos a , ^ /" ^5 — cos a , 
4:^ d(p^ {a^ 4(/7) = / da = A da 



7 + cos 4:(p J 7 + cos a J 7 + cos a 

-| -27r 

B nocjieflHCM paBCHCTBe Mt>i yijiH iiepHo^HHHocTb h hcthoctij KocHHyca. 
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